Abstract-Safety Barrier Certificates that ensure collision-free maneuvers for teams of differential flatness-based quadrotors are presented in this paper. Synthesized with control barrier functions, the certificates are used to modify the nominal trajectory in a minimally invasive way to avoid collisions. The proposed collision avoidance strategy complements existing flight control and planning algorithms by providing trajectory modifications with provable safety guarantees. The effectiveness of this strategy is supported both by the theoretical results and experimental validation on a team of five quadrotors.
In contrast to the aforementioned methods, the goal of this paper is to modify the trajectories in a provably safe manner that is compatible with existing control and planning techniques, while exploiting the nonlinear dynamics (allowing significant deviation from hovering state and large Euler angles) of teams of quadrotors. To achieve this objective, all collision-free states of the quadrotors are encoded in a safe set. Then, Safety Barrier Certificates are synthesized based on the differential flatness property, and a class of non-conservative control barrier functions [2] , [21] , [14] are used to ensure the forward invariance of the safe set. Control barrier functions were used in [19] , [20] to avoid static/moving obstacles for a single planar or 3D quadrotor. And Safety Barrier Certificates have been applied to teams of ground mobile robots as well for collision avoidance [17] , [16] . As such, in this paper, the certificates are extended to more complicated multi-quadrotor systems.
The main contributions of this paper are threefold: 1) Safety Barrier Certificates are developed to provably ensure the safety of differential flatness based teams of quadrotors; 2) a strategy is developed to modify the nominal trajectory in a minimally invasive way to avoid collisions, which is compatible with existing flight control and planning algorithms; 3) the feasibility of the proposed method is demonstrated through experimental implementation of the Safety Barrier Certificates on a team of five palm-sized quadrotors.
The rest of the paper is organized as follows: differential flatness and exponential control barrier functions are revisited in Sections II and III. The Safety Barrier Certificates are presented in Section IV. In Section V, feasibility of the certificates and actuator limits are addressed. The experimental work and conclusions are in Sections VI and VII.
II. DIFFERENTIAL FLATNESS OF QUADROTOR DYNAMICS
The quadrotor is a well-modelled dynamical system with forces and torques generated by four propellers and gravity. Z −Y −X Euler angles conventions are used to define the roll (φ ), pitch (θ ), and yaw (ψ) angles between the quadrotor body frame and the world coordinate frame. The relevant coordinate frames and Euler angles are illustrated in Fig. 2 . Assuming that the damping and drag-like effects are negligible [6] , the dynamics of a quadrotor is governed by the Newton-Euler equation,
where r = [x, y, z] T is the position of the center of mass in the world frame F w , ω b = [p, q, r] T is the angular velocity in the body frame F b , and m and J are the mass and inertia matrix of the quadrotor respectively. f z is the total thrust and τ = [τ x , τ y , τ z ] is the torque generated by the motors. z w and z b are the unit vectors in the Z-direction in the world and body frames, respectively.
The quadrotor dynamics has been shown to be differentially flat in [11] , [23] , i.e., the states and inputs of the system can be written in terms of algebraic functions of appropriately chosen flat outputs and their derivatives.
As shown in [23] , the flat output for quadrotor can be chosen as
of the system can be represented algebraically using the following functions
where we refer to [23] for a detailed derivation and formula of the so-called endogenous transformation (β , γ). Switching from [23] to this paper, in order to generate four times differentiable flight trajectory, a virtual control input v ∈ R 3 is created for the integrator dynamics 1 . For simplicity of planning, the yaw angle is always set to zero (ψ(t) = 0), ....
where r = σ 1:3 = [x, y, z] T ∈ R 3 . The integrator system can be equivalently written as state space forṁ
where
, ⊗ is Kronecker product. Note that since collision avoidance requires simultaneous response of three degrees of freedom, the trajectory planning problem here can not be simplified by decoupling three independent degrees of freedom, as was done in [11] , [6] .
III. EXPONENTIAL CONTROL BARRIER FUNCTIONS
With the simplified forth-order integrator model for quadrotors introduced in Section II, Control Barrier Functions (CBF) can be used to ensure collision-free flight maneuvers. CBFs are Lyapunov-like functions, which can be used to provably guarantee the forward invariance of a desired set. When collision-free maneuvers are encoded as a safe set, CBFs can then be used to ensure that quadrotors never escape from the safe set, i.e., they never collide. A class of non-conservative CBFs [2] , [21] , which allow the state to grow inside the safe set as opposed to strictly non-increasing, is adopted to synthesize the Safety Barrier Certificates. Consequently, quadrotor flight controllers are provided with more freedom to excise desire maneuvers while remaining safe.
Let the safe set of quadrotor states be defined as
where h : R 12 → R is a smooth function. Position based safety constraints, i.e., constraints defined over r, are of particular interest for the quadrotor system (2), so that the quadrotor does not collide with static or moving obstacles. With a slight abuse of notation, we denote y 0 (r) = h(q) as the output of the system, where h(q) only contains the position variable r. Because the virtual control input v is the forth derivative of the position variable r, the relative degree of y 0 (r) is 4, which means that
where the Lie derivative formulation stands foṙ
Note that due to the high relative degree of y(r), CBFs in [2] , [21] can not be directly applied here. A variation called Exponential Control Barrier Function (ECBF) [14] can however be leveraged to ensure the forward invariance of C 0 . Definition III.1: Given the dynamical system (2) and a set C 0 defined in (3), the smooth function h : C 0 → R with relative degree of 4 is an Exponential Control Barrier Function (ECBF) if there exists a vector K ∈ R 1×4 such that
and
The eligible vector K can be obtained by placing the poles of the closed-loop matrix (F
where p i > 0 for i = 1, 2, 3, 4. With these pole locations, a family of outputs y i , i = 1, 2, 3, 4 can be defined as
with y 0 = h(q), and the associated family of super level sets
Theorem 3.1: Given a safe set C 0 in (3) and associated ECBF h(q)
T . We refer to [14] for the detailed proof of general cases of this theorem. The basic idea is to design a stabilizing controller for the system using pole placement, then use Comparison Lemma [8] to show recursively that C i , i = 0, 1, 2, 3, is forward invariant.
IV. SAFETY BARRIER CERTIFICATES FOR TEAMS OF QUADROTORS
Two of the main tools, i.e., differential flatness property of quadrotor and ECBF for a single quadrotor, for constructing Safety Barrier Certificates have been revisited in sections II and III. This section focuses on assembling Safety Barrier Certificates for teams of quadrotors utilizing these tools.
A. Safety Region Modelled With Super-ellipsoids
Consider a team of quadrotors indexed by M = {1, 2, 3,..., m}, the dynamics of quadrotors are modelled as forth-order integrators with virtual inputs v i ∈ R 3 , ....
T is the position of the center of mass of quadrotor i. The full state of quadrotor i is represented by
denote the aggregate position and virtual control of the team of quadrotors.
In order to ensure the safety of the team of quadrotors, all pairwise collisions between quadrotors need to be avoided. In addition, quadrotors can not fly directly over each other due to the air flow disturbance generated by propellers as illustrated in Fig. 1 . During actual flights, the bottom quadrotor generally goes unstable or even crash due to the strong wind blowing from above.
To accommodate these safety requirements, each quadrotor is encapsulated with a 'rectangle shape' super-ellipsoid 2 . Considering any pair of quadrotors (i, j), the pairwise safe set is defined as
where D s is the safety distance, c is the scaling factor along the Z axis caused by air flow disturbance. In practice, c is obtained by flying two quadrotors over each other and identify the critical separation distance at which the bottom quadrotor goes unstable. Two quadrotors are considered safe when two 'rectangle shape' super-ellipsoids do not intersect with each other as shown in Fig. 3 . Note that a 'rectangle shape' super-ellipsoid is chosen to appropriately approximate the safe region, since the yaw angle of quadrotors is trivially set to ψ = 0 and quadrotors are flying with 'X' configuration 3 . Alternatively, a 'cylinder 2 A super-ellipsoid is a solid geometry generally defined with the implicit function [( [3] . r = n = 4 is selected to approximate a 'rectangle shape' here.
shape' super-ellipsoid can be picked for arbitrary yaw angles,
Since the pairwise safe set C i j is defined in terms of position variables r i , r j , the ECBF candidate h i j (q i , q j ) has a relative degree of 4. (q i , q j ) is omitted hereafter for notation convenience. To ensure the forward invariance of C i j , virtual controls of quadrotor i and j need to satisfy ....
where .... h i j is affine in v i , v j . Thus, the safety barrier constraint (9) can be rearranged into a linear constraint on the virtual control when q i , q j are given,
...
c ], and • stands for elementwise vector product.
The Safety Barrier Certificates are formed by assembling all the pairwise safety barrier constraints
As long as the virtual control v satisfies the Safety Barrier Certificates K sa f e and corresponding initial conditions, the team of quadrotors is guaranteed to be safe by Theorem 3.1.
B. Modifying the Nomimal Trajectory with Safety Barrier Certificates
It is often difficult to generate provably collision-free trajectories when planning the nominal trajectory for teams of quadrotors. Instead, we can first plan the flight trajectory without considering collisions, and then modify it using Safety Barrier Certificates in a minimally invasive way to avoid collisions. Here we consider the case when a nominal trajectoryr(t) = [r T 1 (t),r T 2 (t),...,r T m (t)] ∈ C 4 is provided. For generality, the preplanned nominal trajectory can be generated by any methods, e.g., optimal control approach [6] , vector field approach [23] , or parametrized curves [11] , as long as it is sufficiently smooth, i.e., four times differentiable. This smooth reference trajectoryr i (t) is then tracked by a simulated integrator model using a pole placement controller with a simulated time step of 0.02s (simulates the 50Hz flight controller),
where K is picked to be the same as used for ECBFs in (9) to trade-off tracking performance and safety enforcement. To respect the nominal controlv i as much as possible, a quadratic program is used to minimize the difference between the actual and nominal control,
where α i is a bound on the virtual snap control. It can be observed that the actual controller v i will be the same asv i , if it is safe. The controller will only be rectified if it violates the Safety Barrier Certificates, i.e., if it leads to collisions.
The dynamics of the simulated forth-order integrator system is integrated forward using forward Euler method. Similar to [13] , the controller v i generated by the QP (13) will be Lipschitz continuous. Thus, the rectified collisionfree trajectory r(t) will still be four times differentiable. Differential flatness property of quadrotors can still be used to execute the rectified collision-free trajectory r(t).
Although collision avoidance is still done in a centralized manner here, the required numbers of decision variables and constraints are significantly reduced compared with the mixed-integer programming technique [12] . Decentralization of safety certificates is also possible with methods similar to [17] , but precise measurements of other quadrotors' motion might be demanded.
V. FEASIBILITY AND PARAMETERIZATION
Section IV provides a systematic approach to modify preplanned trajectory in a minimally-invasive and smooth way using Safety Barrier Certificates. However, it is not clear whether the quadratic program in (13) is always feasible or not. In addition, the generated trajectory might require excessive amount of control effort to execute. This section provides theoretical guarantees and parameterization method to address those issues. 
A. Proof of Existence of Solution
The following theorem guarantees that a feasible safe solution to the QP problem (13) always exists.
Theorem 5.1: Given a team of quadrotors indexed by
M with dynamics given in (7) , the aggregate admissible safe control space K safe in (11) allowed by Safety Barrier Certificates is guaranteed to be non-empty.
Proof: See [18] .
The idea of control sharing barrier function used in the proof is similar to control-sharing and merging control Lyapunov functions introduced in [5] .
B. Virtual Vehicle Parameterization
Collision avoidance maneuvers of quadrotors might sometimes lead to significant deviations from reference trajectories. In this case, excessive control effort might be required for the quadrotors to return to the reference point along the nominal trajectory. To address this issue, a virtual vehicle parameterization method proposed in [4] is adopted.
The basic idea of virtual vehicle paramterization is to slow down or speed up the virtual vehicle (reference pointr(t) on the nominal trajectory) as the tracking error e r = r − r increases or decreases. In this particular application, we use the following virtual time variable to parameterize the reference point on the nominal trajectorẏ
where k s is the virtual parameterization gain. Instead ofr(t), r(s(t)) is fed into the Safety Barrier Certificates rectifier shown in Fig. 5 . Intuitively, the virtual vehicle will slow down (ṡ < 1) when the tracking error is large; it will travel exactly at the desire speed (ṡ = 1) when the tracking error is zero. This parameterization mechanism is intended to reduce the amount of control effort when the quadrotor has to deviate away from the virtual vehicle to avoid collisions.
To demonstrate the effectiveness of virtual vehicle parameterization, a simulation of two quadrotors flying pass each other is presented. In this example, the collision avoidance manuever requires a maximum pitch angle of 70 • and a maximum thrust of 2.8 times hovering thrust without parameterization (k s = 0) as shown in Fig. 4 . In contrast, a maximum pitch angle of 25 • and a maximum thrust of 1.2 times hovering thrust are needed with parameterization (k s = 100). In both cases, the desired task is accomplished within 6s.
Combined with the feasibility result in section V-A, the parameterization mechanism will always generate a feasible trajectory that satisfies given actuator constraints.
C. Overview of Safe Trajectory Generation Strategy
An overview of the safe trajectory generation strategy is summarized in Fig. 5 . A smooth reference trajectoryr(t) ∈ C 4 is first fed into the safety barrier certificates rectifier, where the QP controller (13) is used to enforce collision-free flight maneuvers. The rectified smooth safe trajectory r(t) ∈ C 4 is then transformed into quadrotor states and controls using the differential flatness property. The full states and controls are checked to ensure that actuator limits are not violated. Otherwise, the reference trajectoryr(s(t)) ∈ C 4 is parameterized and fed into the safety barrier certificates rectifier again. This process can be repeated until the virtual vehicle parameterization strategy yields appropriate flight trajectory that respects both safety and actuator constraints. In the end, the generated feasible safe trajectory is sent to execute on the team of quadrotors.
VI. EXPERIMENT
The Safety Barrier Certificates are implemented on a team of five palm-sized quadrotors (Crazyflie 2.0). All communication channels between different devices and control programs are coordinated by a ROS server. The real-time positions and Euler angles of quadrotors are tracked by the Optitrack motion capture system with an update rate of 50Hz. The 50Hz quadrotor motion controller is developed based on the ROS driver for Crazyflie 2.0 built by ACTLab at USC [7] . To ensure stable trajectory tracking behavior, Euler angles and Euler angle rates generated with the differential flatness property are sent to quadrotors as control commands. The overall quadrotor control diagram is shown in Fig. 6 .
During the experiment, quadrotor Q5 is commanded to fly through a spinning formation as illustrated in Fig. 7 . The safety distance between quadrotors is specified as D s = 25cm to account for the tracking frames and controller tracking errors. During the experiment, the Safety Barrier Certificates are applied to modify the nominal trajectories in a minimally invasive way to avoid collisions. As shown in Fig. 7 , Q5 successfully navigated through the spinning formation with minimal impact on the other four quadrotors.
VII. CONCLUSIONS
A flight trajectory modification strategy is presented in this paper to ensure collision-free manuevers for teams of differential flatness based quadrotors. To do this, nominal flight trajectories, which are generated with existing control and planning algorithms, are modified in a minimally invasive way using the Safety Barrier Certificates to avoid collisions. The proof of existence of feasible controller and virtual vehicle parameterization method to accommodate actuator limits are presented. In the end, experimental implementation of the Safety Barrier Certificates on a team of five quadrotors validates the effectiveness of the proposed strategy.
